A SUSY SO(10) ×A 4 GUT model is constructed for fermion masses and mixing by introducing a minimal set of low dimensional Higgs representations needed to break the guage symmetry down to SU (3) c ×U (1) em . The hierarchy of fermion masses can be understood in the framework of A 4 symmetry. From the A 4 -invariant superpotential, the "double lopsided" mass matrices for the charged leptons and the down quarks are obtained. It is shown that this structure leads to bi-large neutrino mixings simultaneously with small CKM mixing angles. An excellent fit to the masses and mixings of the quarks and leptons as well as to CP violation parameter is obtained. Moreover, the model predicts the neutrino mixing angle sin θ 13 ≈ 0.15.
Introduction
There are many unification models that try to combine the strong and electroweak interactions into a simple group. The simplest model is based on SU(5) gauge symmetry [1] .
The minimal SU(5) model predicts the good mass relation for the third generation (i.e. (10) with only 10 H leads to the up quark mass matrix being proportional to the down quark mass matrix, so it is considered a good zeroth order approximation for CKM mixings. Some models based on SO(10) symmetry without including any family symmetry were proposed to explain most of the features of quarks and leptons [2] [3] . However, one is not really fully satisfied with only producing the fermion masses and mixing angles without explaining why we have three generations and without understanding the relation among generations, such as hierarchy and mixing angles. For example, the flavor symmetry A 4 [4] [5] can be employed to explain why the observed neutrino mixing matrix is in very good agreement with the so called tri-bi-maximal(TBM) mixing structure [6] . Thus, it may be important to consider the underlying family symmetry. One of the best candidates for flavor symmetry is the non-Abelian discrete symmetry A 4 , for the following reasons. Firstly, it is the smallest group that has a 3-dimensional irrep. Secondly, SUSY-SO(10)× A 4 symmetry solves FCNC problem since the scalar fermions, which belong to the 16-irrep of SO (10) and transform as a triplet under A 4 , have degenerate masses. Finally, it was shown that the TBM mixing structure can be obtained by imposing A 4 symmetry [5] .
Few models based on the SO(10) × A 4 group have been studied [7] [8] . In these models, large Higgs representations have been employed. For example, in ref. [7] , the authors employed a (126 H ,3) representation, where the first (second) entry indicates the transformation under SO(10) (A 4 ), in order to produce the fermion masses and mixing angles for both normal and inverted neutrino mass spectra. Besides employing the large Higgs representation 126 H , the models in ref. [8] contain more than one adjoint 45 H representation. It has been shown that only one adjoint Higgs field is required to break SO(10) while preserving the gauge coupling unification [9] . Also, using quite large Higgs representation like 126 H leads to the unified gauge coupling being non-perturbative before the Planck scale, which might be hard to obtain from superstring theory [10] . Therefore, the purpose of this paper is to construct SO(10) × A 4 model in which SO(10) is broken to the standard model (SM) group in the minimal breaking scheme. This means using only a spinor-antispinor (16 H ,16 H ) to break the rank of SO(10) from five to four, and the right handed neutrino gets a heavy mass from the antispinor Higgs field (16 H ). Then one adjoint representation 45 H is used to break the group all the way to the SM group. Recently, a numerical analysis for quark and charged lepton masses and mixings based on non-supersymmetric SO(10) without flavor symmetry was done [3] . The authors did not include the neutrino sector in the numirical fitting. Their result for atmospheric angle was sin θ atm = 0.89. However, as this paper shows, when the neutrino sector is included, the result is not only a better fit for atmospheric angle sin θ atm = 0.776, but also the known light neutrino mass differences are accommodated.
The paper is organized as follows. In section 2, a general structure of the fermion mass matrices for the second and third generations is constructed. Then, based on that structure, the fermion mass hierarchy and relations are explained. In section 3, it is shown that introducing several 10-plets of matter fields to the model leads to the doubly lopsided structure which produces large neutrino mixing angles and small quark mixing angles simultaneously [11] . Then, some analytical expressions for quark masses and mixing angles at GUT scale are derived in a certain approximation to the model parameters. In section 4, exact numerical analysis is done to find the outputs at GUT scale. To get predictions of fermion masses and mixings at low scale, the quark masses and mixing at GUT scale will be run to the low scale by using renomalization equations. In section 5, It is shown how to get a suitable right-handed neutrino mass structure that gives the correct fitting for atmospheric angle after combining the charged lepton contribution. Section 6 is the conclusion. (1) The coupling terms in the superpotential W 1 can be represented diagrammatically as shown in Fig.1 . After integrating out the heavy states, the approximate effective operators can be read from the diagram.
The VEVs of Higgs fields can be written down in general form as:
Here the notation p(q) refers to a p of SU(5) contained in a q of SO (10) . The Q from Eq.3
is a linear combination of SO (10) . In terms of the redefined light fermion states, after dropping the prime notation and plugging in the VEVs, one gets
In general, the above effective operator can be written in terms of quark and lepton fields as
Here 
where I 3R is the third generator of SU (2) R and Y is the hypercharge of the Abelian U (1) group. The charge Q for different quarks and leptons is given below.
Eq.10 can be expressed in the following matrix form: 
Extension to the First Generation and Doubly Lopsided Structure
In this section, the vector 10-plets fermions are added to the model to generate masses and mixings of the first generation. Adding these vector multiplets does not contribute to the up quark mass matrix since 10-plets do not contain a charge of (±2/3). Therefore, up quark matrix is still rank 2 and this is consistent with 
The important point is that Fig.2 gives a flavor-symmetric contribution to the down quark and charged lepton mass matrices. In order to understand this, recall that the general product of three triplets:
, and (c 1 , c 2 , c 3 ) that transform as a singlet under A 4 is given by
The third term of Eq.13 gives a symmetric contribution since there are two identical 10-plets. The last term in Eq. 
where c 12 , c 13 , and c 23 are proportional to ǫ 1 , ǫ 2 , ǫ 3 respectively. To obtain the desired fermion mass structure (the doubly lopsided structure, which is going to be explained later in this section), other couplings are needed to be included by employing the four vector 10-plets plus adding another Higgs singlet 1 ′′ iH to the model (their transformations under the assigned symmetry are shown in Tables 1 and 2 ). The purpose of these couplings is to give a flavor-antisymmetric contribution to the down quarks and charged leptons mass matrices. Since the adjoint of SO (10) 
where 45 H has been defined previously. The following VEV to the Higgs singlet 1 ′′ H is given below:
After integrating out the heavy states, the following contribution to the M L and M D is obtained:
where the overall constant has been absorbed in the redefinition of 
where the convention being used here is the left handed fermions multiplied from the right.
The parameters of the model have been defined as follows:
The above fermion mass structures have eight parameters. If α goes to zero, the fermion mass matrices in Eqs.20-21 go to the SU (5) 
(1 + 4 25 
The Numerical Results
The model can be shown to be concrete by giving numerical values to the parameters of the model, and producing the six mass ratios of quarks and leptons, CKM mixing angles (V us , V ub , and V cb ), CP violation parameter η = −Im(V ub V cs /V us V cb ), and neutrino mixing angles −0.07 GeV [14] . In order to fix this, the finite gluino and chargino loop corrections [15] are required to be included to the down type quark masses ( m d , m s , m b ), which are denoted respectively by (1+∆ d ), (1+∆ s ), (1+∆ b ). These corrections are proportional to the supersymmetric particle spectrum: ∆ b ≈ tan β( Table 3 , where the quark and charged lepton masses, the CKM mixing angles (V ub , V us , V cb ), the neutrino mixing angles (sin θ sol , sin θ atm , sin θ 13 ), and the CP violation parameter (η) are taken from [14] . The masses are all in GeV. Although the model here predicts m u (GUT ) = 0, the quantity m ud = (m u +m d )/2 is considered in Table 3 , where it is assumed that the tiny up quark mass at GUT scale may be generated either by including the coupling 16 i 16 i 10 H into the model or by considering higher dimensional operators. Suppose m u (2 GeV) = 2.4 MeV, the model predictions of the quantities m ud and ms m ud , which are well-known from lattice calculation [16] , are given in Table 3 . The asterisks in Table 3 indicate that the model predictions of neutrino mixing angles are obtained after including the neutrino sector in section 5.
Right Handed Neutrino Mass Structure
Up to now, the model gives excellent agreement with the known values for the CKM mixings, the quark masses, the charged lepton masses, CP violation parameter, and the neutrino mixing angles (sin θ 12 and sin θ 13 ). However, the whole picture is still not complete and the following question arises. What is the appropriate light neutrino mass matrix (
gives not only the correct contribution to the atmospheric angle, but also the correct neutrino mass differences: ∆m 
where U L and U ν are the unitary matrices needed to diagonalize the hermitian lepton matrix
where M ν is assumed to be real and symmetric. The Dirac neutrino mass matrix M N in Eq.23 has vanishing first row and column and the same is true for M ν . So the matrix required to diagonalize M ν is simply a rotation in the 2-3 plane by an angle θ ν while U † L is determined numerically from the charged lepton mass matrix. Thus, the mixing matrix of neutrinos is given by 
A similar technique was used in ref [17] . Note that one of the eigenvalues of M ν is zero (i.e. 
From the above numerical mass matrix, one concludes (
, so to a good approximation, the above numerical structure can be represented analytically as follows:
The constant a should not be equal to one because then M R would be singular, but the constant a should be around 1. Now our mission is to find the Yukawa couplings that respect the symmetry of the model and lead to an analytical structure similar to Eq.32. Fig.4 leads to the desired right handed neutrino mass structure. makes this work unique is the assumption of using the minimal set of Higgs fields that break SO (10) angle, but also the correct neutrino mass differences. The neutrino contribution to the solar angel is negligible. Besides, after combining the two contributions (neutrinos and charged leptons contributions) the neutrino mixing angle θ 13 is predicted. 
